Spin-orbital glass transition in a model of a frustrated pyrochlore
  magnet without quenched disorder by Mitsumoto, Kota et al.
Spin-orbital glass transition in a model frustrated pyrochlore magnet without
quenched disorder
Kota Mitsumoto,1 Chisa Hotta,2 and Hajime Yoshino3, 1
1Graduate School of Science, Osaka University, Toyonaka, Osaka 560-0043, Japan
2Department of Basic Science, University of Tokyo, Tokyo 153-8902, Japan
3Cybermedia Center, Osaka University, Toyonaka, Osaka 560-0043, Japan
We show theoretically that spin and orbital degrees of freedom in the pyrochlore oxide Y2Mo2O7,
which is free of quenched disorder, can exhibit a simultaneous glass transition, working as dynamical
randomness to each other. The interplay of spins and orbitals is mediated by the Jahn-Teller lattice
distortion that selects the choice of orbitals and vary the sign of the spin exchange interactions. Our
Monte Carlo simulations detect the power-law divergence of the relaxation times and the negative
divergence of both the magnetic and dielectric susceptibilities, resolving the long-standing puzzle
on the origin of the disorder-free spin glass.
The spin glass (SG) is one of the large family mem-
bers of the low temperature thermodynamic phase of
matter known as a cooperative paramagnet, including
spin liquid, valence bond states, spin ice, and so on[1].
In classical antiferromagnets on triangular, kagome and
pyrochlore lattices, the frustration among interactions
caused by the lattice geometry precludes the possibility
of all bonds to be simultaneously satisfied in energy[2],
and the system comprises a macroscopically degenerate,
flat energy landscape. In most cases, the subdominant
effects such as quantum or thermal fluctuations and lat-
tice distortions lift these degeneracies and drive the sys-
tem to a long range order or some exotic paramagnets.
When the quenched disorder is introduced, the flat en-
ergy landscape develops into an irregular structure with
a huge number of quasi-degenerate minima, which is con-
sidered to be the feature of the SG as an exotic classical,
cooperatively frozen paramagnet.
In contrast to the divergent behavior of the magnetic
susceptibility at the conventional magnetic transition,
only a cusp is observed at the SG transition, while in-
stead the divergent nonlinear susceptibility is expected
[3–5]. Although the SG transition is known from 1970’s
its origin still remains intriguing; It is observed not only
in the so-called canonical SGs with strong chemical dis-
order [3] but also in frustrated magnets with a small
amount of chemical disorder [6–8]. In theories, only the
models with strong quenched disorder represented by the
Edwards Anderson model [4, 5, 9–11] are known to real-
ize the finite temperature thermodynamic SG transition.
However, there is another class of pyrochlore systems free
of disorder, exhibiting a very sharp SG transition[12–19],
which is indistinguishable from the conventional one with
quenched disorder.
The Letter aims to clarify the origin of the SG transi-
tion in the disorder-free pyrochlore magnets by construct-
ing a realistic model consisting of spin and orbital de-
grees of freedoms. The two degrees of freedom correlate
as dynamical randomness to each other and simultane-
ously freeze into the disordered state. So far, ideal ther-
modynamic glass transition without quenched random-
ness is theoretically established only in infinite dimen-
sions within the scheme of mean-field theories for struc-
tural glasses [20–22] and spin models with large number
of components [23]. Our model provides such a novel
class of SG out of multi-degrees of freedom in crystalline
solids that can be tested in laboratories.
The prototypical materials for our theory are the
pyrochlore oxides, A2Mo2O7 (A = Ho, Y, Dy, Tb),
which are insulating and show a SG transition at around
20K[15, 16, 24–27]. The magnetic ions Mo4+ sit on the
vertices of the corner shared tetrahedra (see Fig. 1(a)),
and the interactions between them are antiferromagnetic,
whose underlying microscopic mechanism is the superex-
change mediated by the O2− ions[28]. It has been estab-
lished that the classical spin model with purely antiferro-
magneic nearest neighbor interactions on the pyrochlore
lattice remains nonmagnetic down to zero temperature
because of the strong frustration effect[29, 30], not pro-
viding any hint of the SG transitions observed in exper-
iments.
Very recently, some salient features of the local lattice
distortions in Y2Mo2O7 [31] were uncovered experimen-
tally. The analysis based on the neutron pair-distribution
function data suggests that the Mo4+ ions are locally dis-
placed towards (in) or away from (out) the centers of
Mo4 tetrahedra (see Fig. 1(a)), explaining well a large
variance of the Mo-Mo distances observed in the X-ray
absorption study[32]. A natural mechanism of distortion
is the Jahn-Teller (JT) effect that lowers the electrostatic
energy of the Mo ion lifting its orbital degeneracy [33].
The displacements of the four Mo4+ ions on each tetrahe-
dron possibly follow the 2-in-2-out rule, i. e. the ice-rule
(see Fig. 1(a,b)), generating huge numbers of ionic con-
figurations over the system equivalent in their JT ener-
gies. Such distortions thus do not lead to any long-range
structural ordering.
It is empirically known [34] that the exchange inter-
action may vary significantly and even changes its sign,
depending on the degree of the Mo-O-Mo angle α [28].
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FIG. 1. (a): O2− ions and magnetic Mo4+ ions around the i site. The numbers near the Mo4+ ions denote the sublattice
to which they belong. The red and blue dashed circles represent the positions of the Jahn-Teller distorted i ion. We pick up
the i, j ions and the mediated O2− and draw it in the small window. α represents the angle of Mo-O-Mo and rˆij represents
the unit vector from the i site to the j site. (b): Ice-type displacements of the Mo4 tetrahedron. The different color bonds
represent different exchange interactions. (c): Schematic pictures of the energy landscape of ice-type displacements (Top) and
modified one by by the coupling between the spin and lattice distortion.
Indeed, the angle evaluated from the variance of the
displacements of the Mo ions distributes in the range
α = 116◦ and 139◦, which is large enough to change the
sign of the interaction. Then, depending on the configu-
rations of the local lattice distortion in space, the mag-
netic exchange interaction may acquire a random distri-
bution with finite variances. This can be thought of as
follows; If we consider the Jahn-Teller Hamiltonian in-
cluding only the lattice degrees of freedom, the energy
landscape should be such that all the ice-rules give the
energy minima of the same height(see Fig.1(c))[35, 36].
In putting spins on the ice-type displaced vertices, its
energy landscape is modified to an irregular one with
random valley structures, since the variance of the spin
interactions from ferro to antiferromagnetic ones add dif-
ferent energies to each ice configuration. We verify the
above picture showing numerically that the spin and lat-
tice distortions simultaneously undergo a glass transition
and freeze into the aperiodic, irregular types of configu-
ration. Since the randomly frozen lattice distortions in-
dicate the randomly selected orbital configurations, we
call it a spin-orbital glass.
As a natural description of the material faithful to the
experimental observations, we introduce a disorder-free
spin model including not only the classical Heisenberg
spins Si (i = 1, 2, 3, ..., N) for the magnetic moments of
the Mo4+ ions but also the degree of lattice distortion of
the Mo ions σi represented as vectors taking two discrete
values, σi = σieˆν . Here, σi = ±1 corresponds to either
in or out depending on the direction of eν which is the
unit vector in the [111], [11¯1¯], [1¯11¯] and [1¯1¯1] directions,
respectively for the sublattices ν = 1, 2, 3, 4 which the
i-th spin belongs to (See Fig. 1.(a)). The Hamiltonian is
given by
H =
∑
<ij>
Jσi,σjSi · Sj − 
∑
<ij>
σi · σj ( > 0) (1)
with
Jσi,σj = J [1 + δ(rˆij · σi + (−rˆij) · σj)] (δ > 0), (2)
The first term in Eq. (1) represents the exchange inter-
action whose coupling constant Jσi,σj depends on the
angle of Mo-O-Mo bond. We assume that the coupling
constant is determined by the inner products rˆij · σi
and rˆij · σj with the amplitude δ, where rˆij is the unit
vector from i-th site to j-th site. Then the coupling
constant takes three kinds of value such that Jσi,σj =
(1+2δ˜)J (in, in), J (in, out), (1−2δ˜)J (out, out), where
δ˜ =
√
6δ/3 (See Fig. 1.(b)). The second term of Eq. (1)
represents the elastic energy of the Mo4+ displacement.
The elastic energy takes the minima if a Mo4+ tetra-
hedron satisfies the ice-rule. More precisely, the elastic
energy of each bond takes σi · σj = −/3 if both dis-
placements are out or in, otherwise +/3. [37] There are
three parameters in this system; T˜ = kBT/J is dimen-
sionless temperature, ˜ = /3J the ratio of the energy
scales between the exchange interaction and the elastic
energy of the displacement, and δ˜ =
√
6δ/3 is the ampli-
tude of the displacement (hereafter we call them simply
as T, , δ). At  → ∞, the lattice distortion becomes
static. In the following analysis, we mainly focus on a
representative system at δ = 1.5,  = 0.6. We consider
the periodic systems of cubic geometry with L3 unit cells
with totally N = 16L3 spins, and perform 120 statisti-
cally independent runs for the system size L = 4, 5, 6, 8,
evaluating the averages and mean-squared errors of ob-
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FIG. 2. Dynamical observables for L = 6. (a): Spin auto-
correlation function. (b): Typical relaxation time of spin vari-
ables. (c): Orbital auto-correlation function. (d): Typical
relaxation time of orbital variables. The black solid lines
in the figure (b) and (d) denote the fits by τ = A(T −
Tc)
−zν with (A, Tc, zν)s = (3.99(89), 0.0695(19), 2.79(12))
and (A, Tc, zν)σ = (4.27(31), 0.0686(5), 3.55(4)) by using the
least squares method. Insets: Scaling plots of auto-correlation
functions using their relaxation times. The solid lines repre-
sent the exponential fits.
servables. To equilibrate the system we made a com-
bined use of the exchange Monte Carlo method[38, 39],
conventional and loop[40] update for lattice variables,
Metropolis-Reflection[41] and over-relaxation[42] update
for spin variables. We took 3×107 Monte Carlo steps for
both equilibration and for taking thermal averages 〈...〉eq.
To explore spin and orbital freezing we examined the
auto-correlation functions (ACF) for both degrees of free-
dom defined as Cs(t) = N
−1∑N
i=1 Si(t) · Si(0) and
Cσ(t) = N
−1∑N
i=1 σi(t) · σi(0). The behavior of the
spin and orbital ACFs are shown in Figs. 2(a) and 2(c).
Both ACFs indicates the slowing down of the dynamics.
As a quantitative measure of dynamics, we define the
relaxation times τs(T ) and τσ(T ) for each degree of free-
dom as the timescale such that the ACFs decrease down
to 0.5, which are evaluated as shown in Figs. 2(c) and
2(d). Both relaxation times diverge at the same tempera-
ture Tc ≈ 0.07 with power laws although their exponents
differ. This suggests that spin and orbital are frozen si-
multaneously. We checked that there is no finite size
effect within the time scale which we analyzed. In the
insets of Figs. 2(c) and 2(d) we show the scaling plots
of ACFs assuming a scaling form, C(t, T ) = C˜(t/τ(T )),
which is clearly satisfied. The scaling functions turns out
to be well fitted by simple exponentials. We note that
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FIG. 3. Structure factors for L = 6 on the (ky/pi)-(kz/pi)
plane. (a) and (b) show the spin and orbital(lattice distortion)
structure factors at T = 0.4, respectively. (c) and (d) show
the structure factors at T = 0.0625, respectively.
the relaxation function in the Edwards-Anderson models
in the paramagnetic phase is more complicated [43, 44]
presumably due to Griffth singularity [45].
Next, we analyze the static-structure factors of
spins and lattice distortions defined respectively as
Ss(k) = N
−1|∑Ni=1 e−ik·riS1 · Si| and Sσ(k) =
N−1|∑Ni=1 e−ik·riσ1 · σi|, where k is a wave vector. In
figures 3(a) and 3(b) we show Ss(0, ky, kz) above and
bellow Tc. There is no notable difference between the
two. The Bragg peak is not observed bellow Tc, indicat-
ing that there is no magnetic long range order. In Figs.
3(c) and 3(d), we also find no sign of long range order
in the lattice distortions, although the short range order
seems to develop at a lower temperature. We also note
that the fraction of tetrahedra that satisfy the ice-rule
increases smoothly with decreasing temperature without
any anomaly at the transition temperature Tc. (see SI).
The present SG transition can be detected by the two
thermodynamic quantities. One is the nonlinear mag-
netic susceptibility,
χ3 =
1
3
∑
µ
∂3〈mµ〉eq
∂h3µ
∣∣∣∣∣
hµ→0
, (3)
where mµ = N
−1∑N
i=1 Siµ and hµ are the magnetization
and the magnetic field, respectively, in the µ-direction
(µ = x, y, z). The other is the nonlinear dielectric sus-
ceptibility,
χσ3 =
1
4
∑
ν
∂3〈pν〉eq
∂E3ν
∣∣∣∣∣
Eν→0
, (4)
4FIG. 4. (a), (b): Size dependence of nonlinear magnetic and
dielectric susceptibilities (Insets: logarithmic scale of absolute
values). The dashed line represents the freezing temperature
Tc ≈ 0.07 determined by the auto-correlation function.
where pν = N
−1∑N
i=1 σi ·eˆν is the dielectric polarization
in the eˆν-direction and Eν is the electric field. Fortu-
nately, since Mo4+ ion has an electric charge, the fluctu-
ation of the orbital glass ordering can be detected elec-
trically. Thus, the two quantities are measurable in lab-
oratories and allow a direct comparison between theories
and experiments. In conventional theories[10, 11], one
often analyzes the SG susceptibility, χSG, which is pro-
portional to χ3. Although χSG is much easier to calculate
with better accuracy in the presence of quenched disorder
by using the overlap between two independent replicas,
it is not convenient for our model, since the Hamiltonian
is translationally invariant so that the replicas usually do
not overlap.
Figure 4(a) shows χ3 as a function of temperature for
several system size L. In overall, it takes the negative
value, and from slightly above Tc, its amplitude starts to
grow rapidly in lowering the temperature. This growth
is enhanced for larger L, strongly suggesting that the
divergence of χ3 remains in the thermodynamic limit,
which is consistent with the experimental observation in
Y2Mo2O7. Similar behavior is observed for χ
(σ)
3 , indicat-
ing the freezing of the orbital degrees of freedom into a
disordered state.
Let us discuss the relevance of our results with experi-
ments. The existence of the SG transition itself is already
established in Y2Mo2O7 and its families, and although its
origin has not been understood, a recent analysis showed
that the lattice distortions possibly plays a certain role
in the glass transition. Our model is constructed based
on this finding by including the direct coupling between
the lattice distortion and the spin. The two degrees of
freedom simultaneously undergo a glass transition, indi-
cating that they generate an effect of dynamical random-
ness to each other. Experiments can test our scenario by
examining whether the nonlinear dielectric susceptibility
diverges in the vicinity of Tc, where already the nonlin-
ear magnetic susceptibility shows the divergence. Pre-
viously, the orbital-glass transition was observed in the
FeCr2S4, where the dielectric spectroscopy measurement
played a major role, detecting the slowing down of or-
bital dynamics [46]. Similar techniques shall be applied
to the pyrochlore materials.
Let us finally comment on the scenario often posed ex-
perimentally, which expects the freezing of the orbital
degrees of freedom at a higher temperature than the
SG transition [31, 32]. Once the orbital configuration is
frozen, our model is reduced to the standard EA model
of Heisenberg spins with quenched randomness on a py-
rochlore lattice, which is known to exhibit a SG tran-
sition. [47, 48] Actually, if we increase  in Eq.(1), the
ice-rule configuration of orbitals is selected at the higher
temperature, which is detected by the broad peak in the
heat capacity(see SI). However, this peak does not mean
the transition but a crossover; Below that temperature,
the orbitals are still dynamically fluctuating among huge
numbers of quasi-degenerate ice-rule configurations. In
lowering the temperature, the orbital dynamics naturally
slows down but without any thermodynamic anomaly
much as usual spin ices [49]. Interestingly, at a lower
temperature the heat capacity shows a second peak (see
SI) which should be attributed to coupling between the
spin and lattice distortions. In our scenario, we antici-
pate the thermodynamic spin-orbital glass transition at
around that temperature.
Some other effect such as the spin-orbit interaction,
the spin-phonon coupling and longer range interactions,
which are not included in our model, may play a sec-
ondary role to reproduce more precisely the experimental
measurements, whereas our findings proved that the in-
terplay of nearest-neighbor interactions and the dynami-
cal JT distortions can solely drive the system to the glass
transition. The present model can be further applied to
other SG frustrated magnets such as Tb2Mo2O7 whose
magnetic ion is JT active.
To summarize, we introduced the realistic model with-
out quenched randomness consisting of spin and orbital
degrees of freedom, that shows the thermodynamic glass
transition for the first time in the finite dimensional pe-
riodic lattice. We performed the dynamical simulations
in the equilibrium and found that the relaxation times of
both spins and orbitals show a power-law divergence at
the same temperature, Tc. The nonlinear magnetic sus-
ceptibility and the nonlinear dielectric susceptibility to-
gether show negative divergence at around Tc, signaling
the simultaneous glass transition of these two degrees of
freedom. The former is consistent with the experiments
already performed in the pyrochlore oxide, Y2Mo2O7,
whereas the latter can be tested in the near future to
fix the long standing problem on the origin of the SG
transition in this disorder free crystalline solid.
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6Details of Monte Carlo simulation
Equilibration and measurements of static quantities
For updating the lattice distortions σi (i =
1, 2, 3, ..., N) we used the conventional single-spin-flip
Metropolis method. However, it is hard to equilibriate
the ice-like system at low temperatures due to multiple
energy minima with high energy barriers. Therefore, we
also adopted the standard nonlocal update method called
as the loop algorithm. [40] The nonlocal updates con-
sisted of two steps: (1) We look for a loop composed of
only in-out bonds. (2) We flip all the lattice distortions
along the selected loop simultaneously with the accep-
tance rate determined by the Metropolis rule. Note that
the energy contributed by the second term of the Hamil-
tonian is unchanged in this update.
For updating the Heisenberg spins we used the
Metropolis Reflection method [41] and the over-
relaxation method. [42] In the Metropolis Reflection
method, we choose a plane which divides the spin space
into two halves, randomly. To update a spin Si, a new
candidate spin configuration S′i is created by reflecting
Si by the plane. More precisely the sign of the spin com-
ponent perpendicular to plane is changed. The reflection
is performed with probability determined by Metropolis
rule. In a unit Monte Carlo step (MCS), we try the up-
dates for all spins Si (i = 1, 2, 3, ..., N) using the same
reflection plane. The reflection plane itself is updated
once in 1 MCS. In the over-relaxation method, we first
compute the effective magnetic field heff around a spin
Si, and then rotate the spin around heff by an angle of
pi.
To summarize, a unit Monte Carlo step consists of the
following steps.
1. Sequential single-spin flips for all lattice distortions
with the conventional Metropolis method
2. L times loop updates for lattice distortions
3. Compute all the coupling constants Jσi,σj
4. Sequential single-spin flips for all Heisenberg spins
with the Metropolis Reflection method
5. L times sequential single-spin flips for all Heisen-
berg spins with the over-relaxation method
Here L is the system size defined in the main text.
On top of the steps 1-5, we add the replica exchange
method. [38, 39] We used 48 replicas for L = 4, 5, 6 and
72 replicas for L = 8. We chose the maximum temper-
ature and the minimum temperature as Tmax = 0.400
and Tmin = 0.0625 respectively. We optimized the set of
temperatures between Tmax and Tmin such that the ex-
change rate becomes the same for all temperatures. [39]
We performed one trial to exchange the replicas once in
each interval of 15 (MCS).
Initial spin and lattice configuration for each replica
were prepared as fully random configurations. MCSs for
thermalization was chosen as 3.0×107 (MCS) for all sys-
tem sizes. Observations of physical quantities are made
during additional 3.0×107 (MCS) to evaluate their ther-
mal averages 〈...〉eq by the Monte Calro simulation.
Measurements of dynamic quantities
To measure dynamical quantities in equilibrium, the
initial configurations (t = 0 (MCS)) are created by the
method explained above. In order to observe the nat-
ural time evolution we apply only the sequential single-
spin flip for both degrees of freedom switching off other
methods. A unit Monte Carlo step then consists of the
following steps.
1. Sequential single-spin flip for all lattice distortions
with the conventional Metropolis method
2. Compute all the coupling constants Jσi,σj
3. Sequential single-spin flip for all Heisenberg spins
with the Metropolis Reflection method
Nonlinear susceptibility
The fluctuation formulae for the nonlinear magnetic
susceptibility is obtained as,
χ3 =
1
3
∑
µ
∂3 〈mµ〉eq
∂h3µ
=
β3N3
3
∑
µ
(〈
m4µ
〉
eq
− 4 〈mµ〉eq
〈
m3µ
〉
eq
− 3 〈m2µ〉2eq + 12 〈m2µ〉eq 〈mµ〉2eq − 6 〈mµ〉4eq). (5)
In this study, the odd order moments of the magne-
tization become 0 from its rotational symmetry, e.g.
〈mµ〉eq =
〈
m3µ
〉
eq
= 0. Hence we calculate them for
simply as
χ3 =
β3N3
3
∑
µ
(〈
m4µ
〉
eq
− 3 〈m2µ〉2eq). (6)
We also analyzed the nonlinear dielectric susceptibility
in the same manner as,
χ
(σ)
3 =
β3N3
4
∑
ν
(〈
p4ν
〉
eq
− 3 〈p2ν〉2eq). (7)
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FIG. 5. Heat capacity computed as C = N−1β2
(〈
E2
〉
eq
− 〈E〉2eq
)
. (a): Size dependence at  = 0.6. (b):  dependence for
L = 5 in the narrow temperature range of T = 0.0625 to T = 0.3. (c):  dependence for L = 5 in the wider temperature range
of T = 0.0625 to T = 0.8.
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FIG. 6. Fraction of the ice structures given by N2-in-2-out/N4. Here N4 = Nspin/2 represents the number of all tetrahedra
and N2-in-2-out represent the number of tetrahedra which are distorted into a 2-in-2-out structure. (a):  dependence for L = 5
in the narrow temperatue range of T = 0.0625 to T = 0.3. (b):  dependence for L = 5 in the wider temperature range of
T = 0.0625 to T = 0.8.
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 3
<latexit sha1_base64="h5+H6Q BAGSMKVhRcDNKtG7zV2xo=">AAACiXichVG7TgJBFD2uLwQV1MbEhkg wVmQWTCRURBpLUAETIWR3HXVk2d3sLiRI/AErO6NWmlgYP8APsPEHLP wEY4mJjYWXZROjRL2TmTlz5p47c3JVSxeOy9jzkDQ8Mjo2HpgIhianp sORmdmSYzZtjRc1UzftbVVxuC4MXnSFq/Nty+ZKQ9V5Wa3nevflFrcd YRpbbtvi1Yayb4g9oSkuUaWKdiBqqVokxhLMi+ggkH0Qgx95M3KPCnZ hQkMTDXAYcAnrUODQ2IEMBou4KjrE2YSEd89xjCBpm5TFKUMhtk7rPp 12fNagc6+m46k1ekWnaZMyijh7Yresyx7ZHXthH7/W6ng1en9p0672t dyqhU/mN9//VTVod3HwpfpDoVL2355c7CHteRHkzfKYnkutX791dNbd zGzEO0vsmr2Svyv2zB7IodF6024KfOMSQWqQ/LMdg6CUTMipRLKwEsu u+a0KYAGLWKZ+rCKLdeRRpHcPcYpzXEghSZbSUqafKg35mjl8Cyn3CQ /okc8=</latexit>
(a) (b)
FIG. 7. (a):  dependence of the nonlinear magnetic susceptibility for L = 5. (b):  dependence of the nonlinear dielectric
susceptibility for L = 5.
